Yan's contribution [J. Yan, Oscillation theorems for second order linear differential equations with damping, Proc. Amer. Math. Soc. 98 (1986) 276-282] was an important breakthrough in the development of the Theory of Oscillation. This frequently cited paper has stimulated extensive investigations in the field. During the last decade, an integral oscillation technique has been developed to such an extent as to allow us to revisit Yan's fundamental oscillation theorem and remove one of the conditions, leaving the other assumptions and the conclusion intact, thus enhancing this keystone result.
Introduction
In 1986, Yan [1] published a nice paper containing an important extension of the celebrated Kamenev's oscillation criterion [2] to a linear differential equation with a linear damping term r(t)x (t) + p(t)x (t) + q(t)x(t) = 0, (1) where t ≥ t 0 > 0, r ∈ C 1 (I; R + ), p, q ∈ C (I; R), R + = (0, ∞), I = [t 0 , ∞). Recall that a non-trivial solution x(t) of Eq. (1) is oscillatory if it has arbitrarily large zeros; otherwise we say that it is non-oscillatory. Differential equation (1) is oscillatory if all its solutions oscillate. One of the principal results in Yan's paper is formulated below.
Theorem 1 ([1, Theorem 2, p. 279])
. Suppose there exist functions h ∈ C 1 (I; R + ), φ ∈ C (I; R), and a number α ∈ (1, ∞) such Remarkably, Theorem 1 provided a new insight into oscillatory properties of solutions not only for Eq. (1), but even for linear differential equations
According to Google scholar, Yan's paper [1] has been cited in more than ninety publications. It boosted extensive investigations in the field, stimulated further development of a so-called integral averaging technique, and led to publication of a number of important contributions to the Theory of Oscillation. For instance, using general weight functions introduced in the paper by Philos [3] instead of Kamenev's weight function (t − s) α exploited by Yan, Grace [4] extended Theorem 1 to nonlinear differential equations with a linear damping term of the form
and
Oscillation of Eq. (2) has also been addressed in the monograph of Agarwal et al. [5] and papers by Elabbasy et al. [6] , Grace and Lalli [7] , Kirane and Rogovchenko [8] , Li and Agarwal [9] , Li et al. [10] , Rogovchenko [11] , Rogovchenko and Tuncay [12] , Sun [13] , Tiryaki and Zafer [14] , Yang [15] , to mention just a few, whereas oscillation criteria for the Eq. (3) were suggested, for instance, in the papers by Grace [4, 16] , Grace and Lalli [17, 18] , Kirane and Rogovchenko [19] , Manojlović [20] , Mustafa et al. [21] , Rogovchenko and Tuncay [22] . Several authors were concerned with equations with nonlinear damping terms; see, for example, Baker [23] , Bobisud [24] , Grace et al. [25] , Rogovchenko and Rogovchenko [26, 27] , Tiryaki and Zafer [28] .
The purpose of this work is to revisit Theorem 1 and enhance it by removing condition (C 1 ). To achieve this goal, we exploit a refined integral averaging technique developed by the authors in [12, 22] .
Oscillation criteria
In what follows, we call two positive numbers β and γ admissible if they satisfy the condition βγ > 1.
Theorem 2. Let there exist functions h ∈ C
1 (I; R + ), φ ∈ C (I; R), a number α ∈ (1, ∞), and admissible numbers β, γ such that lim sup
and assume also that (C 3 ) holds with φ + (t) defined as in Theorem 1. Then Eq. (1) is oscillatory.
Proof. In the first part of the proof, we follow closely the reasoning in the paper by Yan [1, Theorem 1, p. 277]. Let x(t) be a non-oscillatory solution of Eq. (1). Without loss of generality, we may assume that x(t) = 0 for all t ≥ t 0 and introduce a Riccati transformation
Differentiating (5) and using (1), one has, for all t ≥ t 0 ,
Multiplying both sides of (6) by (t − s) α h(s) and integrating from T to t, we have, for all t > T ≥ t 0 ,
Eq. (7) can be found in [1, p. 278] , and from now on our proof differs from that in Yan's paper. We pick two admissible numbers β and γ and complete the square on the right-hand side of Eq. (7) writing it in the form
Eq. (8) yields that, for all T ≥ t 0 ,
It follows from (4) that
Consequently, for all T ≥ t 0 ,
and lim inf
In order to prove that
suppose, contrary to our claim, that
By virtue of (12), for any positive number κ, there exists a
Using integration by parts, we conclude that, for all t ≥ t 1 ,
Since κ is an arbitrary positive constant,
which contradicts (10) . Consequently, (11) holds. Taking into account that, by virtue of (9),
we conclude that
which contradicts assumption (C 3 ). Therefore, Eq. (1) is oscillatory.
After the role played by admissible numbers β and γ in the proof of Theorem 2 has been clarified, we can restate the result in a more elegant form.
Theorem 3 (Reformulation of Theorem 2).
Let there exist functions h ∈ C 1 (I; R + ), φ ∈ C (I; R), and two numbers α, δ ∈ (1, ∞) such that
Assume also that (C 3 ) is satisfied. Then Eq. (1) is oscillatory.
The next result is a direct consequence of Theorem 3.
Theorem 4.
Let there exist functions h ∈ C 1 (I; R + ), φ ∈ C (I; R), and two numbers α, δ ∈ (1, ∞) such that 
where −1 ≤ λ < 1, −∞ < µ ≤ −1, and −1 < ν ≤ 1, is oscillatory provided that is oscillatory by Theorem 4 for all −1 ≤ λ < 1, −∞ < µ ≤ −1.
Remark 7.
Observe that although we employed here basic ideas from our papers [12, 22] , Theorems 3 and 4 cannot be obtained from general oscillation criteria derived in the cited papers.
